Abstract. The groups of local cohomology with supports in the non-free locus of a module are used in order to obtain three classifications and one characterization of four classes of modules.
Introduction and Preliminaries
Let R be a Noetherian ring and let M be a finitely generated R-module. As is well known (see [5, (11.1.1)]), the set of points p ∈ Spec R such that M p is a free R p -module is an open subset in the Zariski topology. Hence, its complement C is a closed subset, called the non-free locus of M , whose corresponding radical ideal (cf. [1, II, §4.3 , Proposition 11(iii)]) is denoted by a = a(M ) = I(C) throughout the paper. Proof. As a is a radical ideal, we only need to prove that V (a) = V (I r (ϕ)), or conversely, that a ⊆ p if and only if I r (ϕ) ⊆ p for every p ∈ Spec R. If p does not contain a, then M p is a free R p -module and hence I r (ϕ) p = R p (for example, see [2, Proposition 1.4 .9]); therefore I r (ϕ) ⊆ p. The converse also follows from the previous reference.
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Below, we use the ideal a in order to obtain classifications of two classes of modules and a characterization of k-th syzygies. More precisely, in Section 2, a reflexive finitely generated module M over a Noetherian local domain whose dual module is of projective dimension one is shown to be completely determined by H 
R/a i for certain ideals a 1 , . . . , a r , we deduce that M is stably equivalent to r i=1 a i . By applying these results and from the existence of a dualizing functor, in Section 4, we also obtain a classification of the torsion-free finitely generated and non-free modules of projective dimension one over a regular local ring.
Finally, in Section 5, we obtain a characterization of k-th syzygies within the class of reflexive finitely generated R-modules over a regular local ring by the vanishing of the groups H Proof. By virtue of the hypothesis, we know that depth R p = dim R p for every p ∈ Spec R (see [ 
be a minimal free resolution of M ∨ . As M is reflexive, dualizing (1), we obtain the exact sequence
which breaks into two short exact sequences
First, we prove that Ext
Owing to reflexivity, M and M ∨ have the same non-free locus; hence support Ext 
Similarly, by taking cohomology with supports in V (a) in (4), we ob-
, and consequently, M is a second syzygy module of H 2 a (M ). In order to conclude, we only need to prove that the minimality of the resolution (1) implies that of (2). In fact, if a linear form
, then by Nakayama's lemma, ϕ ∨ (ω 0 ) belongs to a basis of F ∨ 1 and hence there exists an element (1) 
Torsion-free Modules of Projective Dimension One
Let R be a Noetherian local domain and let F π −→ M be a minimal epimorphism of a torsion-free finitely generated and non-free R-module M , where F is a free R-module, which is completely determined by M up to an isomorphism. Dualizing the short exact sequence
The 'codual module' of M is defined to be the R-module cd M = Im ϕ ∨ , which is also a torsion-free finitely generated and non-free R-module, as follows from the following exact sequence by virtue of the assumptions on M :
Proposition 4.1. Let R be a Noetherian local domain and let M be a torsion-free finitely generated and non-free R-module. We have:
Proof. (i) Dualizing (6), we obtain 0 → (cd M )
From this sequence and (5), taking the natural inclusion M ⊆ M ∨∨ into account, we obtain an injection N ⊆ (cd M ) ∨ . As N and (cd M ) ∨ have the same rank (equal to rank F − rank M ), there exists r ∈ R such that r · (cd M ) ∨ ⊆ N , and r must be invertible because M is torsion-free.
(ii) If (cd M ) p is a free R p -module, then (M ∨ ) p (and hence M p ) is also free, as follows from (6) . Hence, a(M ) ⊆ a(cd M ), and we can conclude by virtue of (i). 2 Proof. By virtue of Theorem 3.1, we only need to prove that 'taking the codual module' is an equivalence between the category of torsion-free finitely generated non-free R-modules of projective dimension one and that of ideal torsion-free finitely generated non-free R-modules.
, we know that cd M = Im ϕ ∨ is an ideal module. Conversely, if M is an ideal torsion-free finitely generated non-free R-module, then again from the reference above, it follows that cd M is of projective dimension one. 
be a minimal free resolution of M ∨ . If M is a k-th syzygy, then by dualizing (7), since M is reflexive, we obtain an exact sequence (see the proof of [4, Lemma 5 
with N = coker ϕ ∨ k−2 , which breaks into the following k short exact sequences:
Let p ∈ Spec R be a prime ideal with height p ≤ k. As M is a k-th syzygy, it satisfies Serre's S k condition (e.g., see [4, 
